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A method to concisely quantify, compare, and identify mode shapes for flutter analysis using orthogonalized basis
vectors is developed. The procedure numerically describes wing structural mode shapes as scalar projections onto a
reduced set of basis vectors. The basis vectors are baseline wing shapes derived from the mode shapes of a reference
wing model, and mode shapes from other wing models are concisely related to the basis vectors using the scalar
projections. The resulting quantifier describes the wing modes in terms of the physical wing shapes from the
reference model. The technique is demonstrated on a simple wing model from which the basis vectors are derived.
Mass elements are added to the wing in four different configurations to produce various mode shapes for comparison
to the basis set. These mode shapes are quantified in terms of basis vector components that are expressed concisely in
matrix form. Visual comparisons of the mode shapes to the basis vectors show that the numeric characterizations are
consistent with the visual interpretations. Comparison of the four configurations to one another indicates that the
numeric components distinguish subtle differences in wing deformation as well as differences in the overall shape of

the deformed wing.

Nomenclature

matrix of basis vectors

the jth basis vector

identity matrix

system stiffness matrix

system mass matrix

number of degrees of freedom of the structural model
projection matrix

matrix of structural eigenvectors

the ith structural eigenvector

number of eigenvectors in reduced set for structural
model

number of eigenvectors in reduced set for reference
structural model

system coordinate for structural model

modal matrix

matrix of reduced set of normal modes
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Introduction

HE examination of mode shapes is fundamental to the

prediction of aircraft aeroelastic phenomenon such as flutter.
Evaluation of the normal modes of the aircraft structure, or the flutter
modes themselves, provides insight into the effects of wing defor-
mation shape on aeroelastic behavior. Mode shapes derived from
linear flutter analysis are used to study wing deformations associated
with nonlinear aeroelastic oscillations and to assess the aeroelastic
sensitivity of these deformations. This assessment is made by identi-
fying the modes most likely to extract energy from the airstream, and
the results are combined with flutter analysis instability results to
predict linear and nonlinear aeroelastic behavior. In some cases,
linear flutter analysis mode shapes are used to predict nonlinear
aeroelastic behavior by correlating the modes to flight test results [1].
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Historically, mode shape evaluation for flutter prediction has been
a qualitative process using visual images of aircraft node lines or
modal deflections. Mode shapes of one aircraft configuration are
visually compared with the shapes of a configuration with known
flight test results, and these comparisons relate the mode shapes to
nonlinear aeroelastic responses. The wing shapes are often described
in terms of their similarity to a set of known reference shapes derived
from a baseline wing design or configuration. This permits the
description of arbitrary wing shapes in terms of identifiable physical
shapes.

Although effective, these visual comparisons are subjective and do
not provide quantitative descriptions of mode shapes. A quantitative
approach using numeric descriptions of mode shapes offers an objec-
tive means to compare wing modes and to relate them to a set of
reference wing shapes. The precision of a numeric description can
also distinguish important shape differences and provide numerical
data that are well suited for alternative aeroelastic prediction algori-
thms [2]. An obvious quantitative description scheme is to use the
deformation values of points on the wing as the numeric descriptors.
For a finite element wing model, the points could correspond to the
grid points of the finite element mesh. However, the numeric descrip-
tor for a single wing shape would consist of numerous deformation
values according to the number of wing points used. In many cases,
this would result in a cumbersome descriptor that would be difficult
to use in comparison studies. The large number of numeric values for
one mode shape would complicate the ability to categorize shapes,
and the comparison of shapes with reference wing shapes would be
tedious.

Therefore, the ability to concisely identify a mode shape requires a
descriptor that relates the mode shape to each reference shape with a
single number. In this approach, the number of descriptors equals the
number of reference wing shapes used, and this permits further
simplification when the reference shapes can be reduced to the
smallest number possible. Selection of this reduced set of wing
shapes can be accomplished by determining which shapes are needed
to adequately model the aeroelastic mechanisms. This reduction of
the reference set facilitates the concise identification of mode shapes
in terms of a small number of physical shapes (such as wing bending,
torsion, etc.).

In addition to offering concise description of mode shapes in terms
of physical shapes, a numeric descriptor provides the precision and
resolution necessary to describe subtle shape differences that are
important to flutter prediction. Small, local shape effects such as
minor changes in deformed wingtip orientation and node line posi-
tion provide significant insight into flutter behavior. The evaluation
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of these local shape effects can be improved by using a numeric
descriptor that offers the precision and resolution necessary to
distinguish subtle shape differences. In addition, the precision of a
numeric descriptor provides the ability to quantify shape effects in
numeric procedures such as neural network algorithms used for
aeroelastic prediction. These networks estimate aeroelastic response
based on a training routine that calibrates predictive models to flight
test results, and numerically quantified mode shapes can be used as
input parameters for these routines.

The use of numeric mode shape parameters in neural networks has
been studied by Denegri and Johnson [2]. Their approach used four
selected analytical mode shapes distinguished qualitatively by their
node lines, and the four mode shapes were arbitrarily assigned
integer values to provide the network with numeric shape data.
Although this technique provides a numeric descriptor based on
reference shapes, the use of integers limits the ability to describe
shapes that are different from the four original shapes. Mode
shapes that do not align closely with one of the original shapes may
not be well described due to the lack of resolution of an integer
quantifier.

A mode shape descriptor that is not limited to integer values was
developed by Maxwell and Dawson [3]. Their technique incor-
porates a mode shape descriptor that uses the wingtip launcher
motion to describe the wing motion of a fighter aircraft. This method
quantifies the launcher’s position and angle by determining the
horizontal motion of the intersection point between the deflected
launcher and the launcher equilibrium position. The technique in-
cludes parameters that describe phase differences between the
launcher pitching and vertical motions. For structural normal modes,
this phase difference is zero. However, the phase difference may not
be zero for flutter mode shapes, and the method addresses phase
relationships that influence the wing’s interaction with the airstream.
In contrast to the integer quantifier described above, this method
provides the numeric resolution needed to specify the launcher
position and phasing. However, there is no numeric description of the
wing shape inboard of the launcher, and, therefore, the full wing
shape is not described. In addition, this technique does not concisely
compare shapes to a set of reference shapes.

Another method that has been studied by Denegri uses polynomial
curve fits of the forward and aft wing spar deflections to define the
wing mode shapes [4]. These curve fits produce polynomial
coefficients that can be used as shape descriptors, and plots of the
coefficient values are used to compare mode shapes. Although this
method captures some of the wing shape inboard of the wingtip, it
does not describe the full wing shape or the wingtip motion
extensively. Itis possible that a 2-D polynomial fit could be applied to
capture the shape of the full wing surface. However, the large number
of polynomial coefficients required may not produce a concise
descriptor that facilitates comparison of the modes to reference
shapes. In addition, curve fit methods approximate wing shapes, and,
therefore, these techniques may not adequately depict small changes
in the wing shapes.

Suciu and Buck reported a method using strain energy values
computed at various locations of the aircraft structural model to
identify and name the mode shapes [5]. Mode shapes are identified
by relating the magnitude and location of strain energy values to
various types of aircraft deformation. The naming of the mode shapes
is automated by a computer algorithm that relates modal character to
the aircraft structure’s strain energy distribution. This approach
offers an effective way to identify and name global mode shapes;
however, it is not designed to distinguish subtle changes to wing
shape. In addition, the use of energy values could produce nonunique
descriptors that do not distinguish some shape features needed for
flutter prediction methodologies.

To address the need for a unique numeric descriptor that describes
mode shapes in terms of identifiable physical shapes, the method
presented in this paper uses orthonormal basis vectors. The structural
modes of an arbitrary wing are related numerically to basis vector
shapes generated from a reference wing model, providing a known
set of reference shapes by which mode shapes are concisely
identified.

Methodology

The orthonormal basis vectors used to describe wing modes are
numeric representations of a set of reference wing shapes that are
used as a baseline for describing other wing shapes. These reference
wing shapes are produced from the normal mode eigenvectors of a
reference wing model that is the primary structural model of the
wing. Wing models that differ from the reference wing, such as those
representing wings with structural enhancements or store attach-
ments, are quantified in terms of the basis vectors. These alternate
wing configurations are numerically identified by projecting their
mode shapes onto the basis vectors using dot product multiplication.
This is analogous to defining a 2-D arrow vector by its scalar
projections onto the x and y axes. The resulting projection values
represent the mode shape’s component on each basis vector, and
these components are used as the numeric descriptor. This provides a
concise descriptor that relates each mode shape to each basis vector
using a single number.

The normal mode eigenvectors from the reference wing model are
orthogonalized and normalized to create the basis vectors. The
resulting orthonormal basis provides a consistent numeric descriptor
that is based on a 0-1 scale. Because two or three structural modes
typically dominate flutter motions, only the normal mode eigen-
vectors that primarily participate in the flutter mechanism are used.
This further simplifies the descriptor by reducing the number of basis
vectors to a smaller set.

The vector projection concept has been previously applied to
structural mode shapes for various test and analysis techniques.
Desforges et al. used the modal assurance criterion to compare flutter
flight test shapes between test points at successive airspeeds [6].
Although this technique does not directly quantify response shapes
in terms of vector projections, the modal assurance criterion provides
comparisons of mode shapes using a number derived from projection
values. In addition, Przekop and Rizzi have used structural modes to
provide an efficient modal basis for order reduction of nonlinear
finite element simulations [7]. Their technique expresses the equa-
tions of motion in coordinates obtained by selecting a reduced set of
structural basis vectors.

Theoretical Development

The normal mode eigenvectors used to create the basis vectors are
generated from the structural dynamic analysis of the reference wing
or aircraft model. The structure is typically modeled as an
autonomous conservative system with n degrees of freedom:

MX+Kx=0 (1)

Solution of the resulting eigenvalue problem yields the n x n modal
matrix @ for which the columns are the eigenvectors of Eq. (1). If the
system contains only static coupling, the mass matrix is a diagonal
matrix and, therefore, symmetric.

The basis vectors are created from the normal mode eigenvectors
for the system described in Eq. (1). To create a concise set of basis
vectors, a subset of the eigenvectors in ® is selected. Although the
selection of the subset of eigenvectors can be arbitrary, the
eigenvectors selected from & should provide the mode shapes that
are relevant to the flutter analysis. If this selected set is represented as
®*, the size of ®* is n x ¢t with ¢ < n.

The need to orthogonalize the eigenvectors derives from their
orthogonality properties from normal mode theory. According to the
theory

OTMP =1 )

due to the symmetry of the mass matrix M. Because, in general, M
does not have equal diagonal elements:

TP £ ] 3)

Because ®* is a subset of @, itis apparent from Eq. (2) and (3) that the
columns of ®* are orthogonal with respect to the system mass matrix
but not to each other. To create a set of basis vectors that can
distinguish modal characteristics adequately, an orthogonal set of
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Fig. 1 'Wing model.

basis vectors is generated by orthogonalizing the columns of &*
using the Gram—Schmidt procedure. The Euclidean norms (vector
magnitudes) of these orthogonalized vectors are set to a value of 1,
and the resulting basis vectors b/ are expressed as columns of the
n X t matrix B. Because of the orthogonalization and normalization

Table 1 Wing model parameters

Wing semispan, in. 144.25
Root chord, in. 54.06
Taper ratio 0.5
Sweep, deg 0.0
Dihedral, deg 0.0
Twist, deg 0.0

Shell thickness, in. 1.00 tapered to 0.00 at leading
and trailing edges

Shell density (Ib/in.?) 0.098

Shell elastic modulus, psi 9.2418 x 10°

Shell shear modulus, psi 3.4993 x 10°

B'B=1 )

Once the basis vectors are defined using a reference structural
model, mode shapes from a different structural model can be quanti-
fied by comparing them to the basis vectors. Although all of the
eigenvectors can be quantified, a subset of eigenvectors that is re-
levant to flutter analysis would typically be chosen for study. The
reduced set of modal eigenvectors is then normalized by setting the
Euclidean norms of the vectors to one. If n represents the number of
eigenvectors produced by the model to be studied and s is the number
of eigenvectors q' in the reduced set, then the modal eigenvectors can
be represented by the n x s matrix Q for which the columns are the q’
with s < n. The eigenvectors are then quantified by comparison to
the basis set by

P=0Q"B (©)

The s x t matrix P contains elements that are the scalar projection
values between the normal mode eigenvectors and the basis vectors.

Because the eigenvectors in Q and the basis vectors in B are
normalized to a Euclidean norm of 1, the comparison between the q'
and the b/ is based on projection values in P ranging from 0-1.
Determination of the correspondence of a particular mode shape to
the basis vectors is made by inspecting the projection values and their
relative position on the O—1 scale. A projection value of 1 indicates a
normal mode eigenvector that is exactly the same shape as the basis
vector being used for the comparison. A projection value of 0
indicates a normal mode eigenvector that is orthogonal to the basis
vector being used. Thus, the proximity of the values in P to zero or
one provides quantification of the normal mode shapes in terms of
each shape in the basis set.

Because of the fact that the dot product operation sums the
products of corresponding grid points, the grid point distribu-
tion becomes a consideration when wing models have a higher

Table 2 Basis vectors

Basis vector shape Description Abbreviation
First wing bending 1WB
Second wing bending 2WB
First wing torsion IWT
Third wing bending 3WB

Second wing torsion 2WT
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Table 3 Wing configuration parameters

Configuration

Visual depiction of concentrated mass locations

Concentrated mass value, Ib

Two heavy forward

One heavy forward

Light forward

Light aft

500.0

500.0

50.0

50.0

Table 4 Two heavy masses forward modal vectors

Mode number

Modal eigenvector shape

Frequency, Hz

Visual description

Basis vector components

0.7

4.4

7.9

144

26.7

First wing bending

Second wing bending

First wing bending,
first wing torsion

Second wing bending

Third wing bending,
second wing torsion

First wing bending

Second wing bending

First wing bending,
first wing torsion

First wing bending,
second wing bending

Third wing bending,
second wing torsion
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BASIS VECTOR
IWB 2WB IWT 3WB 2WT
-1.0 00 00 00 00|71
-02 -09 -02 -0.1 -012M

p=| 07 =03 06 00 00 38

05 07 03 -02 -02|4g
00 -02 -03 08 -05]5

Fig. 2 Projection matrix for two heavy masses forward configuration.

concentration of points in one area than in another area of the wing. A
wing area with higher grid point density will be weighted more
heavily in the shape comparison than those areas with lower grid
point density. Thus, for wing models with a significantly nonuniform
grid point distribution, a weighting correction to Eq. (3) based on the
density of each grid point should be considered.

The relevance of the structural normal modes, and, therefore, the
basis vectors, to flutter analysis is rooted in their role as contributors
to the flutter eigenvectors. This contribution is based in the fact that
the flutter eigenvectors may be composed of all normal modes q'.
Because the size reduction of the basis vector set means there will be
fewer basis vectors than the original number of eigenvectors in the
model, the basis vectors do not contain the complete structural or
flutter mode shape information. More rigorously, the basis vectors
span a subspace of the vector space spanned by the normal mode and
flutter mode eigenvectors. Thus, appropriate selection of normal
mode eigenvectors is required so that the basis vectors adequately
describe the flutter mechanism. This is accomplished by using the
fact that flutter motion is generated by the coalescence of two or more
flutter modes. These modes are typically dominated by two to three
structural modes for which the frequencies closely correspond to the
flutter frequencies, and these usually consist of the lower frequency

wing bending and torsion modes. Therefore, the choice of the modal
vectors in ®* from the vectors in @ is based on selection of the
normal mode shapes that are significant descriptors of the flutter
eigenvectors.

Application to Wing Model

The procedure is demonstrated on the simple tapered wing shown
in Fig. 1. The wing is a single layer model constructed of 40 grid
points to which shell elements with nonzero densities are attached.
No concentrated mass elements are attached to this version of the
wing model, and it is used as the reference wing for generation of the
basis vectors. The wing model parameters are summarized in Table 1.

Basis Vector Development

A modal analysis was performed on the reference wing model, and
the resulting eigenvectors were orthogonalized to produce the basis
vectors. Table 2 shows the shapes represented by the reduced set of
basis vectors b/. As shown in Table 2, the wing configuration pro-
duces pure wing bending and torsion modes. The vectors beyond
basis vector 5 are not included because they represent complicated
mode shapes that are not typically relevant to flutter analysis.
Because the significant contribution to the deflection shape is
provided by the vertical displacements, the computation of the basis
vectors and subsequent computations in this example only use the
vertical deformations to define the shape.

Modified Wing Configurations

To provide alternate wing configurations for which the mode
shapes can be quantified by the reference wing basis vectors,
concentrated mass elements were added to simulate variations in
wing mass. The addition of the concentrated mass elements at several
locations resulted in four alternate wing versions that produce various

Table S One heavy mass forward modal vectors

Mode number Modal eigenvector shape

Frequency, Hz

Visual description Basis vector components

1 L5
2 4.7
3 11.1
4 20.0
5 29.5

First wing bending First wing bending

First wing bending,

Second wing bending second wing bending

Second wing bending,
first wing torsion

Second wing bending,
first wing torsion

First wing torsion,
third wing bending

First wing torsion,
third wing bending

Third wing bending,
second wing torsion

First wing torsion, third wing bending,
second wing torsion




2112

NORTHINGTON

Table 6 Light masses forward modal vectors

Mode number Modal eigenvector shape

Frequency, Hz

Visual description

Basis vector components

1.1

5.7

10.9

19.5

First wing bending

Second wing bending

First wing torsion

Third wing bending

Second wing torsion

First wing bending

Second wing bending

First wing bending,
first wing torsion

Third wing bending

Third wing bending,

second wing torsion

types of mode shapes. These configurations are summarized in
Table 3. They consist of two heavy configurations with 500 Ib.
masses added to one or two leading edge locations and two light
configurations with 50 Ib. masses added to four leading or trailing
edge locations. Modal analyses were performed for the four modified
wing models in Table 3, and the eigenvectors q'for these configur-
ations were quantified by their projections onto the basis vectors.
Because of the relative uniformity of the grid point distribution, no
grid point density weighting was used in the projection matrix
computations.

BASIS VECTOR
IWB 2WB IWT 3WB 2WT
1.0 00 00 00 00]1
08 06 03 01 0.1 ZM

p=| 02 08 -05 -0.1 -01|30
01 03 09 -04 -02(4D
~02 -02 05 07 -05|5F

Fig. 3 Projection matrix for one heavy mass forward configuration.

BASIS VECTOR
1WB 2WB 1WT 3WB 2WT
10 00 00 00 00]1
01 =10 00 01 00|2M
P=|-04 01 -09 00 00 38
02 03 00 09 -02|4p
02 03 00 -04 -08|5

Fig. 4 Projection matrix for light masses forward configuration.

Two Heavy Masses Forward Configuration

The shapes of the modal eigenvectors for the configuration with
two heavy masses located on the forward edge of the wing are shown
in Table 4. Table 4 also shows the associated modal frequencies, the
visual descriptions of the mode shapes, and the description of the
mode shapes based on their numeric basis vector components.

The visual descriptions in Table 4 are names given to the mode
shapes as determined by qualitative visual interpretation of the
shapes shown in the modal eigenvector shape plots. The naming of
the shapes is based on descriptions traditionally used in flutter
analysis. The shapes are described in visual terms by designating the
most significant aspects of their bending or twisting character as
determined by visual comparisons to the basis vectors in Table 2. The
basis vector components in Table 4 are names given to the mode
shapes as determined by their numeric descriptors, which are shown
in the projection matrix P in Fig. 2. The numeric descriptors are the
mode shapes’ projection values onto the basis vectors, and, therefore,
the basis vector components designate the numeric similarity of the
mode shapes to the basis vector shapes.

The rows of P in Fig. 2 correspond to the mode shape number,
and the columns of P correspond to the basis vector number, as

BASIS VECTOR
1WB 2WB IWT 3WB 2WT
10 00 00 00 00]1
0.1 -10 00 01 00[2M

P=/-04 01 09 00 00 38
~02 03 0.0 -09 -02]4p
~02 -03 00 04 -08|5

Fig. 5 Projection matrix for light masses aft configuration.
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determined by the multiplication performed in Eq. (3). In Table 4, the
most significant basis vector components are shown by including
only the mode shapes possessing a projection value with an absolute
value of 0.4-1.0.

To examine the consistency of the numerical technique with
traditional visual methods, qualitative comparisons between the
visual descriptions and the numerical results can be made. The visual
description of the mode shapes in Table 4 indicates that mode 2 has
significant second wing bending content with some minor torsion
content. Inspection of the projection matrix in Fig. 2 shows that the
numerical technique provides results that correspond to these
interpretations. The significant second wing bending content in
mode 2 is evidenced by the projection matrix element (2,2) value of
—0.9, and the projection matrix element (2,3) value of —0.2 repre-
sents the small first wing torsion component. Similar comparisons
can be made to mode 3, which visually appears to have significant
first wing torsion content with some first wing bending content. This
is verified by the projection matrix values, which indicate a first wing
torsion value of 0.6, a first wing bending value of 0.7, and a second
wing bending value of —0.3. Table 4 also shows that the numeric
descriptor reveals some first wing bending content in mode 4 that was
not clearly evident from the visual description.

One Heavy Mass Forward Configuration

Whereas the preceding example indicates that the numeric
projection values effectively describe the general visual shapes in
terms of the basis vector shapes, comparison between the previous
example and the configuration with one heavy mass forward indi-
cates that the numeric descriptor can also distinguish substantial
differences in mode shapes. The one heavy mass case, shown in
Table 35, has third and fourth mode shapes that are visually different
from the corresponding modes in the two heavy masses case. Upon

visual examination of mode 3 for both configurations, the wingtip for
the one heavy mass case does not intersect the equilibrium position,
whereas the wing with two heavy masses does. This appears to be
caused by the wing with one heavy mass having more second wing
bending content than the two heavy mass case. This is consistent with
the projection values, which indicate a second wing bending value of
—0.3 for the two heavy mass case Fig. 2 and 0.8 for the one heavy
mass wing Fig. 3. Visual comparison of the fourth mode indicates
that the two heavy mass wing has less torsion content than the one
heavy mass case, and this is captured numerically with first wing
torsion values of 0.3 and 0.9 for the two and one heavy mass cases,
respectively. The numeric descriptors for mode 2 and mode 5 for the
one heavy mass case also reveal shape content that was not evident in
the visual interpretations.

Light Masses Forward Configuration

In addition to comparisons that illustrate significant differences in
mode shapes, comparison of the previous configuration with two
heavy masses to the configuration with the forward light masses
(shown in Table 6) is made to verify the numeric descriptor’s ability
to distinguish subtle shape differences. The third modes for these
configurations reveal differences that are evident at the wingtip area.
Minor differences in the node line location are exhibited by the slight
change in the wingtip node point axial location for mode 3. This
distinction is captured by the differences between projection values
onto the first wing bending, second wing bending, and first wing
torsion basis vectors as shown in Figs. 2 and 4.

Note that the difference referred to for mode 3 shapes is between
the chordal location of the node point, or center of twist, for the
wingtip. The difference referred to is not the opposite directions of
the wing twist, which is quantified by the differences in sign of the
bending and torsion projection values. The fact that all bending and

Table 7 Light masses aft modal vectors

Mode number Modal eigenvector shape

Frequency, Hz

Visual description ~ Basis vector components

1.1 First wing bending First wing bending
5.7 Second wing bending  Second wing bending
10.9 First wing torsion Flrg’;;:i:i gig?slfgg];
19.5 Third wing bending Third wing bending
31.7 Second wing torsion Third wing bending,

second wing torsion
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torsion projection values for mode 3 differ by a sign change between
the configurations indicates that the mode shapes were simply
generated in opposite deformation directions.

Similar small differences in shape can be seen in the second modes
as signified by the slight torsion effect of the wing with two heavy
masses that is not evident for the wing with the forward light masses.
This minor visual difference is distinguished by the projection values
for these configurations, which are slightly different for the first and
second torsion modes. The two heavy masses configuration has first
and second torsion mode projection values of —0.2 and —0.1,
respectively, whereas these values for the forward light masses
configuration are both 0.0.

Light Masses Aft Configuration

The next comparison is made between the previous configuration
with light masses on the forward part of the wing to the configuration
with light masses on the aft part of the wing. This comparison
contrasts wing deformations that are mirror images of one another
about the midchord line. Tables 6 and 7 indicate that these mass
locations result in the same frequencies between the two config-
urations because the wing is symmetric with respect to the midchord
line. However, the 3rd mode shapes are dissimilar with regard to the
relative directions of the torsion and bending modes. That is, whereas
each mode has negative bending shapes, the wing torsion directions
are opposite. The opposite torsion directions result in third mode
shapes with a forward skewed node line for the light masses forward
case and an aft skewed node line for the light masses aft case.
Inspection of the projection matrix values for mode 3 for both config-
urations Figs. 4 and 5 reveals first and second wing bending values
that are of the same sign between the configurations and a first wing
torsion value that is opposite in sign between the configurations. The
absolute values of these projections are the same due to the symmetry
of the system.

Conclusions

The projection of modal eigenvectors onto a set of basis vectors
provides a numeric descriptor that is well suited to the interpretation
of flutter analysis mode shapes. The technique uses a reduced set of
basis vectors derived from a reference wing model to generate
concise numeric mode shape descriptors. The direct comparison of
the mode shapes to these basis vectors facilitates mode shape
identification in terms of physical wing shapes. Both the mode shape
vectors and the basis vectors are composed of deformation values of
points distributed over the entire wing surface. Therefore, the method
provides sufficient numerical resolution to describe subtle shape
features while addressing the overall shape of the wing.

The basis vector description of the mode shapes of a simple
tapered wing model indicates that the projection values correlate to

the visual interpretation of the mode shapes. The comparisons show
that the numerical technique is consistent with qualitative results and
that the precision of the descriptor reveals shape information that is
not apparent from visual examination. The ability of the numeric
descriptors to distinguish small changes in shape is evidenced by the
differences in the projection values for minor changes of the wingtip
node line locations. Because the basis vector components correlate to
shape features that include wingtip motions as well as global wing
motions, the descriptor is capable of characterizing the full wing
shape. In addition, mode shape comparisons indicate that the nu-
meric descriptor’s magnitude and sign distinguish shapes with
forward and aft skewed node lines.

The capacity of the method to facilitate engineering analysis of the
mode shapes is evidenced by the concise form of the projection
matrix. For the case examined here, this conciseness derives from the
ability to describe the wing model’s flutter relevant mode shapes
using only five basis vectors. In addition, the correlation of the visual
comparisons to the numeric descriptions demonstrates that the meth-
od provides straightforward association of the numeric descriptor
with physical wing shapes. In the cases analyzed here, proper
selection of the configuration for the wing reference model provided
easily identifiable bending and torsion shapes.
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